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Abstract

Laminar free convection flow of air past a semi-infinite vertical plate in the presence of chemical species concentration and thermal
radiation effects is studied. This type of problem finds application in many technological and engineering fields such as rocket propulsion
systems, spacecraft re-entry aerothermodynamics, cosmical flight aerodynamics, plasma physics, glass production and furnace engineering
The governing boundary-layer equations for this problem are reduced to a non-similar form and are solved numerically by an implicit
finite-difference technique. Representative velocity, temperature and concentration profiles are shown graphically and the numerical values
of the wall slopes of the velocity, temperature and concentration profiles (which are related to the dimensionless skin-friction coefficient,
wall heat transfer and the Sherwood number, respectively) are also shown graphically. The effects of the radiation parameter, buoyancy
ratio, Schmidt number and the dimensionless distance from the leading edge of the plate on the numerical solutions are presented and
discussed. © 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction known as diffusing species concentration, were studied un-
der different conditions by Somers [4], Mathers et al. [5],
Pohlhausen [1] first studied the free convection flow Wilcox [6], Gill et al. [7], Lowell and Admas [8], Adams
past a semi-infinite vertical plate by the momentum in- and Lowell [9], Cardner and Hellums [10], etc. either by
tegral method because free convection flows have widean integral method or an asymptotic analysis. It was also
applications in industry. But the similarity solution to free assumed that the species concentration level present in air
convection flow past a semi-infinite vertical plate was first or water was at low level and hence, other effects like Soret
presented by Ostrach [2] who solved the non-linear coupled and Dufour effects were negligible. But the first systematic
ordinary differential equations numerically on a computer. study of mass transfer effects on free convection flow past
The fluid considered was air. Later on, many papers were a semi-infinite vertical plate was presented by Gebhart and
published on this topic under different physical conditions Pera [11], who presented a similarity solution to this prob-
and these are referred in a book by Gebhart et al. [3]. Thelem and introduced a parametdrwhich is a measure of
fluid considered in all these studies was either pure air or the relative importance of chemical and thermal diffusion
water. However, in nature, pure air or water is not easily in causing the density difference that drives the flow. The
available and hence, the results already presented in [1,2]parameteN is positive when both effects combine to drive
are not general in nature. As a simple example, atmosphericthe flow and it is negative when these effects are opposed.
flows, at all scales are driven appreciably by both tempera- Gebhart [12] also derived the boundary-layer equations
ture and HO concentrated differences. In water, dissolved governing free convection flows with mass transfer on the
materials, suspended particulate matter are always presenassumption of low level of species concentration present in
and hence, the density is affected by both temperaturethe fluid.
and concentration. These are described in the literature as In all these investigation, radiation effects are neglected.
mass transfer effects. The effects of foreign masses, alsoFor some industrial applications such as glass produc-
tion and furnace design and in space technology ap-
* Corresponding author. Tel+965-484-9413; fax:965-484-7131. plications, such as cosmical flight aerodynamics rocket,
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Nomenclature

Cp specific heat at constant pressure

C species concentration

D species diffusivity

€1 Plank’s function

F dimensionless stream function

(F = ¢/4vC1x¥%)

g gravitational acceleration
k thermal conductivity

K, absorption coefficient

L characteristic length

N buoyancy ratio parameter

(N = B*(cw — o)/ B(Tw — Teo))
Pr Prandtl numbe(Pr = pvc,/k)

< Schmidt number%c = v/D)

T temperature
u x-component of velocity
v y-component of velocity

X,y  Cartersian coordinate system

Greek Symbols

B thermal expansion coefficient

B*  species expansion coefficient

transformed normal coordinate

dynamic viscosity

kinematic viscosity

dimensionless species concentration

(¢ = (c — coo)/(cw — €o0))

density

stream function

dimensionless temperature

O =T —Teo)/(Tw — Teo))

T skin-friction defined by Eq. (15)

& dimensionless distance along
the plate(¢ = (x/L)Y?)

S < xS

SRS

Subscripts
w wall
00 free stream

FL  radiation parameter{_ = 4IL?/pc,v+/C1)

q wall rate of heat transfer defined by Eq. (16)
(o thermal radiation flux defined by Eq. (1)

SHQ wall rate of mass transfer defined by Eq. (18)

c
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does not absorb its own emitted radiation or there is no
self-absorption, but the fluid does absorb radiation emitted
by the boundaries. It was shown by Cogley et al. [14] that
in the optically thin limit for a gray-gas near equilibrium,
the following relation holds

dqr

o AT —Tw)l (1)
y

where

00 9
1=/ ka(ﬂ> di
0 oT ),

All the physical quantities are defined in the nomenclature.
Based on this assumption, we now propose to study the free
convection flow of a radiative gas, in the optically thin limit,

in the presence of foreign mass at a low level. This enables
us to neglect Soret and Dufour effects.

2. Mathematical analysis

Consider the flow of a gray-gas near equilibrium in the
optically thin limit, past a semi-infinite vertical plate. The
x-axis is taken along the vertical plate in the upward di-
rection and they-axis is taken normal to the plate. The
flow is driven by buoyancy effects, which are generated
by gradients in temperature and in the concentration field
of a dissolved species. If the characteristic parameter of
free convection, that is the Grashof number, is increased to
infinity, the flow along a vertical heated plate based on the
solution of the Navier—Stokes equations becomes identical
to the solution of the boundary-layer equations. Assuming
negligible viscous dissipative heat, the boundary-layer form
of the governing equations along with the Boussinesq ap-
proximation for steady, laminar, free convective flow of a
radiative gray-gas is given by
ou Jv

4+ -_-0 2
8x+8y @

ou " ou 9%u + pgB(T — Too)
U—+v— | = pu—s —
o ax dy 12 9y2 P8 )
+,0gﬂ*(c — Coo) 3)
aT BT) 92T dgr

=k57 Ty (4)

aerothermodynamics which operate at higher temperatures,

radiation effects can be significant. When radiation is taken g¢ dc 92c

; i i i iu— +v—=D— (5)
into account, the governing equations become quite compli-“ 57 ) 2

cated and hence, many difficulties arise while solving such

y dy

equations. However, Greif et al. [13] have shown that in the All the physical variables are defined in the nomenclature.
optically thin limit, the physical situation can be simplified The boundary conditions are now given by

and then they derived an exact solution to fully-developed
vertical channel flow for a radiative fluid. Cogley et al.
[14], had shown that for an optically thin limit, the fluid

u=0 v=0, T=Ty, c=cyaty=0

u=0 T —>Tx, ¢— ceoaSy—> 00 (6)
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The first two conditions indicate that the fluid does not Substituting the above relations in Eq. (3) and simplifying,
slip at the boundary and that the plate is impermeable we have

to mass transfer. The second two conditions suggest that 9 92

both the fluid temperature and the species concentrations” {3rF” — 2(F')? + 2& (F”_F _F F)

are constant at the plate surface. The last three conditions
imply that the ambient fluid far away from the plate sur-

face is stagnant and at uniform temperature and species
concentration. The assumptions of constant wall and am-
bient concentrations are somewhat idealistic. Nevertheless,
in some controlled experiments, very close situations can

be achieved.

Now, due to the presence of a radiation term, the similarity
solution is not possible. So, we seek a non-similar solution.

We define the following variables

1/4
. GBAT
n = C1yX 4, C1= (W) ,

AT = Ty — T, = constant

) T-Tx
Tw — Teo
L3AT c\Yv4
C = 3/3_2 and henc€; = <—> L34
v 4
c v x\1/2
Pr=pv?2, S=_—, &= (—)
Y p =\
¢p=——, Y =wCix7"F(E&,1n) (7)
Cw — Cxo

Then we have
D00 ad
dy  dndy an

L) e,

oy2 " ag\ay)ay Y o2
D0 a8 (1) a0
ax dx dnox  Ix 4 on
9 1n 0
x4 xdp
o6 1f
ax  2x
ad ad
u= % = —Cux O P )
= 4 C2xY2F (£, 1) (8)
Iy 5 19
V=—or = (8_x - Z)_c%) (A C1x¥*F (&, 1)
3 oF1& 1ng
— aoCy (S VAR, 349F 15 10 3ap
V1(4x &, m+x 9E 2x 4"

aF
= vCx V4 <3F + 25% — nF/) 9)

0§ a&an
+0+N¢p=0 (10)

where a prime denotes partial differentiation with respect to
nandN = B*(cw — cx0)/B(Tw — To) is the buoyancy ratio
parameter.

Eq. (4) with above relations and (1), (8) and (9) now
reduce to

é@” +3F0’ 4 2¢ (9’%—? - F%) —2FR6=0 (11)
HereF_ is the radiation parameter and is defined as
Ao AL

pe,v/C
and Eq. (5) now reduces to
sicd’” +3F¢' + 2¢ (4:2—? - Fz—?) =0 (12)

Here Pr and Sc are respectively, the Prandtl and Schmidt
numbers. The advantage of Eq. (10) through (12) is that they
produce their own initial profiles &t = 0 by the solution of
the self-similar ordinary differential equations which result
there. In addition, less numerical efforts are required to solve
Eg. (10) through (12) than to solve Eq. (2) through (5).

The corresponding dimensionless boundary conditions
are

F(0) = F'(0) =0, F'(00) =0
6(0) =1, »0) =1 (13)
0(c0) =0, ¢$(c0) =0

In order to understand the physical aspect of the prob-
lem, we have solved Egs. (10)—(12) under boundary con-
ditions (13) numerically by an implicit, iterative, tridigonal
finite-difference method similar to that discussed by Blot-
tner [14]. The method is described as follows.

All first-order derivatives with respect tb are replaced
by two-point backward difference formulae of the form
% _ Am,n - Am—l,n
9 N
where A is any dependent variable ant and n are
node locations along thé and n directions, respectively.
The third-order differential Eq. (10) is converted into
a second-order one by substitutiig = F’. Then all
second-order equations fot 6 and¢ are discretized using
three-point central difference quotients while the first-order
differential equation governing is discretized by the trape-
zoidal rule. At each line of constait a set of algebraic
equations results. With the non-linear terms evaluated at the
previous iteration, the algebraic equations are solved with
iteration by the well-known Thomas algorithm (see Blottner

(14)
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Fig. 1. Development of velocity profiles with.
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Fig. 2. Development of temperature profiles with

[15]). The same process is repeated for the gewdlue and

the problem is solved line by line un§l= 1 is reached. A
convergence criterion based on the relative difference be-
tween the current and the previous iterations is employed.
When this difference reaches 10 the solution is assumed
converged and the iteration process is terminated. A repre-
sentative set of numerical results is shown graphically in
Figs. 1-21, to illustrate the influence of various parameters
on the velocity, temperature and concentration profiles. The
flow of air (Pr = 0.71) is assumed and then the correspond-
ing values of the Schmidt number are as given by Gebhart
and Pera [11] Table 1.
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Fig. 3. Development of concentration profiles with
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Fig. 4. Effects ofN on velocity profiles.
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Fig. 5. Effects ofN on temperature profiles.
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Fig. 6. Effects ofN on concentration profiles.
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Fig. 7. Effects ofF_ on velocity profiles.
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Fig. 8. Effects ofF_ on temperature profiles.
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Fig. 9. Effects ofF_ on concentration profiles.
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Fig. 10. Effects ofSc on velocity profiles.
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Fig. 11. Effects ofSc on temperature profiles.
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Fig. 12. Effects ofSc on concentration profiles.
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Fig. 13. Effects ofN on skin-friction coefficient.
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Fig. 14. Effects ofN on wall heat transfer.
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Fig. 15. Effects ofN on Sherwood number.
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Fig. 16. Effects ofF|_ on skin-friction coefficient. Fig. 19. Effects ofSc on skin-friction coefficient.
092 figures that as the distance from the leading edge increases,
090 both the velocity and temperature decrease whereas the con-
centration increases whét , N, andSc are constant. The
- 088 effect of the buoyancy ratio parametidron the velocity,
§; 0.86 temperature and concentration profiles is shows at 1,
? 0.4 FL =04, = 0.78 in Figs. 4-6. We observe from these
’ figures that when there is an opposing buoyancy force, the
0.82 velocity is less but the temperature and concentration are
0.80 more as compared to that in the presence of an aiding buoy-
0.0 0.2 0.4 0.6 08 10 ancy force. The velocity is also found to increase as the

E aiding buoyancy force increases. But both the temperature
and concentration decrease as the aiding buoyancy force in-
creases. The effect of the radiation param&ieon the ve-
locity, temperature and the concentration profiles is shown

So in air, the diffusing chemical species of most common in Figs. 7-9, at =1, N = 0.5, Pr = 0.71 and<c = 0.78.
interest have Schmidt numbers in the range of 0.1-2. TheWe observe from these figures that an increase in the radi-
buoyancy ratio parametéd also plays an important role.  ation parameteF, leads to a decrease in the velocity and
The chemical and thermal diffusion causes the density dif- temperature but an increase in the concentration profile. The
ference that drives the flow. The negative valueahdi- effect of foreign mass on the velocity, temperature and con-
cate the effect of opposing buoyancy mechanism whereascentration profiles is shown in Figs. 10-12 and we observe
the positive values ol indicate the effect of aiding buoy-  that an increase in the Schmidt numlgerleads to a de-
ancy mechanism. Also, the quantityepresents the distance crease in the velocity and concentration but an increase in
of a point from the leading edge. So we consider here the the temperature in the presence of an aiding buoyancy force.
effects of these parametegs, N, & andF on the flow of Knowing the velocity, temperature and concentration
air, Pr = 0.71. fields, it is important to study the effects of these parame-

The effect ofé on the velocity, temperature and concen- ters on the skin-friction, rate of heat transfer and the rate of
tration profiles is shown in Figs. 1-3. We observe from these mass transfer at the plate.

Fig. 17. Effects ofF_ on wall heat transfer.
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Fig. 18. Effects ofF. on Sherwood number. Fig. 20. Effects ofSc on wall heat transfer.
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Fig. 21. Effects ofSc on Sherwood number.

The dimensional skin-friction is given by

and in view of (7) and (8), it reduces to
T = —4uvCixY?F (€, 0)

The rate of heat transfer in dimensional form is given by
T

=—k
q dy

+ C]r|y:0 (16)
y=0

and in view of (7), (16) reduces to

—1/4 99 =
g = —kATCyx —|  +A4IAT | ody
377 17:0 o
4] ATXY/A oo
= kATC1x Y%/ (£, 0) + HAXT f 6 dn (17)
Cl o
The rate of mass transfer is given by
9
SHQ= —D 3£ (18)
8y y=0
SHQ = DACCLr Y4 22
01 | =0
= —DACC1x *¢/(5,0) (19)

Table 1
Values of the Schmidt number of various species or low concentration in
air at approximately 258C and 1atm

Species <
Ammonia 0.78
Carbon dioxide (CQ) 0.94
Hydrogen 0.22
Oxygen (Q) 0.75
Water vapor 0.60
Benzene 1.76
Ether 1.66
Methanol 0.97
Ethyl alcohol 1.30
Ethyl benzene 2.01

whereAc = cw — ¢ IS the difference between the wall and
free stream concentrations.

We have computed numerical values pfF”(g, 0)},
{-0'(¢, 0)} and{—¢'(&, 0)} and the effects of the different
parameters-|, N and Sc on these quantities are shown in
Figs. 13-21.

The effects of the buoyancy force paramédem { —F" (&,

0)}, {—0'(¢, 0)} and{—¢'(&, 0)} are shown in Figs. 13-15,
respectively. We observe from Fig. 13 that the value of
{—F"(&, 0)} is more in the presence of aiding buoyancy pa-
rameter ¢N) as compared to opposing buoyancy parameter
(—N) and it increases with an increase inN) andé. The
effect of ¢-N) is the same for the rate of heat transfer and
the Sherwood number, but the rate of heat transfet’ (&,

0)} and the Sherwood number decrease with increasing val-
ues of&. The effect of the radiation parametér on the
skin-friction, rate of heat transfer and the Sherwood number
for N = 0.5 andSc = 0.78 is shown in Figs. 16-18, re-
spectively. We observe from these figures that" (¢, 0)}
increases ang—6’'(¢, 0)} and{—¢’(¢, 0)} decreases if .
However, the skin-friction coefficient increases with increas-
ing values of¢ and{—6’(¢, 0)} and{—¢’'(¢, 0)} decrease
with increasing values of. That is, they decrease as the
distance along the plate increases. The effect of the Schmidt
numberSc on {—F’(§, 0)}, {—0'(§, 0)} and {—¢'(§, 0)}

is shown in Figs. 19-21, respectively. We conclude from
these figures that the values{ofF’ (¢, 0)}, {—6’(£, 0)} and
{—¢'(&, 0)} decrease with an increase in the value of the
Schmidt numbefc but {—F"(§, 0)} increases very rapidly

as the distance along the plate increases. However, the val-
ues of{—6'(&, 0)} and{—¢’(&, 0)} decrease along the plate
as the value of increases.

3. Conclusions

This paper considered steady, laminar free convection
flow of an optically-thin gray-gas with dissolved chemical
species along a semi-infinite vertical plate in the presence
of thermal radiation effects. The governing equations were
non-dimensionalized and transformed into a non-similar
form. The transformed equations were solved numerically
using an implicit finite-difference method. A representative
set of the obtained results for the velocity, temperature,
and concentration profiles as well as the skin-friction co-
efficient, wall heat transfer and the Sherwood number was
reported graphically for various parametric conditions. The
following points were concluded.

1. Both the velocity and temperature decreased as the dis-
tance from the plate’s leading edge was increased.

2. In the presence of an opposing buoyancy force, the ve-
locity was less but both the temperature and concentra-
tion were more. In the presence of an aiding buoyancy
force, however, an increase in the buoyancy ratio led to
an increase in the velocity and decreases in both the tem-
perature and concentration.
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